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ABSTRACT The aim was to estimate the influence of shock pressure loading on the submersible hull using finite element analy-
sis. The fluid medium was molded based on Tait’s equation of state. The equation of state from Jones-Wilkins-Lee 

(JWL) was used to describe the detonation products of explosives. The explosion and fluid were interfaced using Eulerian-Eulerian coupling 
and the fluid and shell were interfaced using arbitrary Lagrangian-Eulerian coupling. The plastic displacement of the submerged hull has 
been found to be 0.0412 m for explosion charge of 15 kg. The titanium submersible fails at the shock load factor of 0.45 for the explosion charge 
of 25 kg. 

INTRODUCTION 
Underwater explosions are very important and complex prob-
lems for naval surface ships or submarines, since detonations 
near a ship can damage the vessel. The inelastic behavior of 
structures to dynamic loads such as impulse, blast and under-
water shock is of great importance in many fields such as ma-
rine and ocean industries. The problem is fairly complex involv-
ing material and geometric non-liniearities. Huang and Kiddy 
(1995) studied the transient interaction of a spherical shell with 
an underwater explosion shock wave and subsequent pulsating 
bubble, based on their approach on the finite element method 
coupled with the Eulerian–Lagrangian method. According to 
their results, the structural response, as well as interactions 
among the initial shock wave, the structure, its surrounding me-
dia and the explosion bubble must be considered. Kwon and Fox 
(1993) applied numerical and experimental techniques to inves-
tigate the nonlinear dynamic response of a cylinder subjected to 
a side-on, far-field underwater explosion. Comparisons between 
the strain gage measurements and the numerical results at dif-
ferent locations revealed a good agreement. Shin and Chisum 
(1997) employed a coupled Lagrangian–Eulerian finite element 
analysis technique as a basis to investigate the response of an 
infinite cylindrical and a spherical shell subjected to a plane 
acoustic step wave.

When a submerged structure subjected to underwater explosion 
loading, it is important to predict the structural response to the 
shock wave. Furthermore, in the case of the explosion occurring 
close to the structure, a high velocity water jet penetrating the 
gas bubble occurs. This water jet is extremely efficient in pro-
ducing damage. 

The purpose of this paper was to demonstrate the application of 
Eulerian-Eulerian coupling to interface the explosion and fluid 
medium and Lagrangian-Eulerian coupling to interface the fluid 
and submersible hull. The objective was also to estimate the in-
fluence of shock pressure loading on the submersible hull using 
finite element analysis.

THEORETICAL BACKGROUND
The sequence of underwater explosion and finite element mod-
eling are discussed.

Shock Wave Pressure:
The underwater shock wave generated by the explosion is super-
imposed on the hydrostatic pressure. The pressure history P(t) of 
the shock wave at a fixed location starts with an instantaneous 
pressure increase to a peak Pmax followed by a decline which ini-
tially is usually approximated by an exponential function. Thus, 
according to the empirical equation of Cole (1948):

          (1)

The peak pressure (Po) and the decay constant (θ) are given by

  (2)

                                                                        (3)

where W is the charge weight (kg) and R is the stand-off dis-
tance (m).

Because of the spherical spreading nature of the shock wave, the 
wave reaches different locations at different times, i.e. there is 
time delay. The time delay (td) can be calculated using the radial 
distance at any location (R), the shortest radial distance (Ro) and 
the sound wave velocity (c), as follows:

td=(R-Ro ) ⁄c (4)

By incorporating the time delay, Eq. (1) is rewritten in the fol-
lowing form:

 (5)
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Shock Wave Velocity: 
As the wave travels from the explosion, the profile of 
the shock wave broadens and the amplitude reduces 
as shown in Fig-1. The velocity in the vicinity of the 
explosion depends on the peak pressure of the shock 
wave and the acoustic velocity, as given by 
𝑐𝑐𝑠𝑠 = 𝑐𝑐𝑎𝑎 × (1 + 6 × 10−10𝑃𝑃𝑜𝑜)  (6) 
As the shock wave propagates, it sets the water 
particle in the vicinity in motion. The water particle 
velocity associated with the shock wave is given by 
𝑣𝑣(𝑡𝑡) = 𝑃𝑃(𝑡𝑡) 𝜌𝜌𝑐𝑐⁄     (7) 
where  is the density of the fluid medium. 

 
Fig-1. Pressure waves and bubble phenomena of 

underwater explosion. 
 
The initial high pressure in the product gases of 
explosion decreases considerably after the primary 
shock pulse is emitted. The inside pressure in the gas 
bubble is much higher than the surrounding 
hydrostatic pressure, which tends to push the water 
and expand the gas bubble.  At this stage, the gas 
bubble expands rapidly and consequently the 
pressure inside the bubble decreases and the kinetic 
energy accelerates the surrounding water till the 
bubble expands to the maximum. As the gas bubble 
expands to the maximum radius, the gas pressure 
falls below the hydrostatic pressure, the contraction 
of gas bubble starts and continues until the pressure 
inside becomes insignificant. Hence, the gas bubble 
undergoes repeated cycles of expansion and 
contraction.  
The maximum radius (Rmax) during the first pulsation 
and the duration (T) of the first pulsation are given by 
𝑅𝑅𝑚𝑚𝑎𝑎𝑚𝑚 = 3.3 × (𝑊𝑊 𝑍𝑍𝑜𝑜⁄ )1/3   (8) 

𝑇𝑇 = 2.06 × (𝑊𝑊1/3 𝑍𝑍𝑜𝑜
5/6⁄ )  (9) 

Zo = D + 10    (10) 
where, D is water depth, Zo is the reference depth. 
 
Secondary Shock Wave: 
During the contraction phase of the gas bubble 
oscillation, when the bubble reaches its minimum, a 
pressure pulse known as the secondary shock wave, 
of small amplitude is emitted. The peak pressure of 
the secondary pressure pulse is given by 
𝑃𝑃2 = 2590 × (𝑊𝑊1/3 𝑅𝑅⁄ )   (11) 
 
Gas Bubble Migration: 
When the gas bubble has last buoyancy, the 
migration of gas bubble occurs. The migration of the 
gas bubble from the location of the explosive charge 
up to the location corresponding to the first bubble 
pulse is given by 
𝑚𝑚 = (90 𝑍𝑍𝑜𝑜⁄ )𝑊𝑊1/2   (12) 
 
Hull Shock Factor: 
Since a ship can be subjected to a large variety of 
underwater explosion (variation in charge weight, 
standoff distance), the relation between attack 
severity and geometry must be determined. For 
damage predictions for submarines, this factor is 
referred to as the Hull Shock Factor (HSF). It has 
been found that 
HSF = √𝑊𝑊/𝑅𝑅    (13) 
where, W is the charge weight and R is the standoff 
distance. 

 
Finite Element Modeling: 
For a fully or partially submerged structure subjected 
to an underwater shock wave, the structure may 
exhibit material and geometrical nonlinear behavior. 
Based on the theorem of virtual displacement, the 
governing equation of the problem can be expressed 
in matrix form (Chennakesava R Alavala, 2008) as 
given below: 
[𝑀𝑀𝑠𝑠]{�̈�𝑢} + [𝐶𝐶𝑠𝑠]{�̇�𝑢} + [𝐾𝐾𝑠𝑠]{𝑢𝑢} = {𝑓𝑓}  (14) 
where, 
[𝑀𝑀𝑠𝑠] = ∫ 𝜌𝜌𝑠𝑠[𝑁𝑁]𝑇𝑇[𝑁𝑁]𝑑𝑑𝑣𝑣,[𝐶𝐶𝑠𝑠] = ∫ 𝜌𝜌𝑠𝑠𝛼𝛼𝑐𝑐[𝑁𝑁]𝑇𝑇[𝑁𝑁]𝑑𝑑𝑣𝑣,  
[𝐾𝐾𝑠𝑠] = ∫[𝐵𝐵]𝑇𝑇[𝐷𝐷][𝐵𝐵]𝑑𝑑𝑣𝑣 and {𝑓𝑓} = ∫[𝑁𝑁]𝑇𝑇𝑓𝑓𝑑𝑑𝑣𝑣 
[𝑀𝑀𝑠𝑠], [𝐶𝐶𝑠𝑠] and [𝐾𝐾𝑠𝑠] are the structural mass, damping 
and stiffness matrices, respectively. [𝑁𝑁], [𝐵𝐵] and [𝐷𝐷] 
are the shape function, strain matrix and matrix of 
elastic-plastic tangent stiffness, respectively. {𝑢𝑢} and 
{𝑓𝑓} are the structural displacement and the external 
force vector, respectively. 
 
For a structure submerged in an infinite acoustic 
medium, the governing equation of the wet surface of 
the shell is based on the Doubly Asymptotic 
Approximation as given below: 
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For the finite element analysis, the fluid was modeled 
using Eulerian solid element with Tait’s equation of 
state and the explosion was modeled using Eulerian 
solid element with JWL equation of state. The 
material constants used in the Tait’s equation of state 
are as follows: 
 𝜌𝜌 = 1025 𝑘𝑘𝑘𝑘/𝑚𝑚3 
 𝑎𝑎 = 48402.7105 𝑃𝑃𝑎𝑎 
 𝑏𝑏 = 3.01𝐸𝐸8 Pa 
 𝑅𝑅 = 7.15 
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The equation of state from Jones-Wilkins-Lee (JWL) 
is used to describe the detonation products of 
explosives. 
p = A (1 − ω

R1V) exp(−R1. V) + B (1 −
ω

  R2V) exp(−R12. V) + ωe0
V                           

  (18)               
The ratio V = ρe ρ⁄   is defined by using e is the 
density of explosive (solid part) and  is the density 
of detonation products. The parameters A, B, R1, 
R2 and  are given below: 
  ρ = 1610 kg/m3 
 A = 371.2 GPa 
 B = 3.2306 GPa 
 R1 = 4.15 
 R2 = 0.95 
 ω = 0.3 
The submergible hull was made of elastic Ti-6Al-4V 
alloy. The material properties are given below: 
 E = 113.8 GPa 
 v = 0.342 
 σuts = 950 MPa 
 σys = 880 MPa 
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The analysis of the coupled field problem was solved using ex-
plicit integration scheme. Three incremental time steps of 0.05, 
0.1 and 0.2 microseconds were used for the analysis. The explo-
sion and fluid were interfaced using Eulerian-Eulerian coupling 
and the fluid and shell were interfaced using arbitrary Lagran-
gian-Eulerian coupling. The initial conditions used in the explo-
sion were specific internal energy (4.16 x 106 K/kg) and detona-
tion velocity (6730 m/s). The explosive element was modeled 
using eight node Eulerian solid elements. The element length 
was 0.426 m. The stand-off distance was 5 m.

RESULTS AND DISCUSSION 
The shock pressure loading of the fluid medium was applied on 
the surface of on the submersible hull through arbitrary Lagran-
gian-Eulerian coupling. The peak pressures were calculated for 
all the cases are given in table 1. The peak value was 25 MPa for 
a charge weight of 15 kg. 

Table-1. Peak shock pressure loads

Charge weight 
(W), kg Shock factor, Shock pressure, MPa

1 0.09 9

2 0.12 13

5 0.20 18

10 0.28 22

15 0.34 25

20 0.40 30

25 0.45 36

Fig-4. Displacement-time history for charge weight of 20 kg
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Displacement-Time History:
The displacement-time history of the submergible hull exposed 
to the explosion for a charge weight of 15 kg is shown in Fig-4. 
The deformation of the submerged hull was obtained from the 
maximum displacement by subtracting the elastic deformation. 
The maximum displacement was 0.0412 m at 9.605 milliseconds. 
The displacement contours are shown in Fig-5. The plastic dis-
placement was found to be high on the submergible hull side 
exposed to the explosion (Fig-5a). The elastic displacement was 
found on the opposite of the explosion (Fig-5b).  There is no per-
manent displacement on the back side.

Fig-5. Displacement of submerged hull at HSF = 0.34 (a) sur-
face exposed to explosion and (b) Surface on the rear side of 
submersible hull

Stress-Time History:
The tensile stress contours of the submergible hull subjected to 
for the explosion charge weight of 15 kg is shown in Fig-6. The 
maximum tensile stress along the longitudinal direction of the 
submergible hull is 474 MPa (Fig-6a) while the maximum tensile 
stress along the circumferential direction of the submergible hull 
is 491 MPa (Fig-6b). The maximum allowable tensile stress is 880 
MPa. The tensile stresses are less than the allowable stress. This 
indicates that the hull does not fail. The maximum shear stress 
is 230 MPa in the submergible hull (Fig-7). Comparing this value 
with the allowable shear stress (550 MPa), the fail does not oc-
cur in shear also.

Impact of Shock Wave:
The deformation increases with the increase of shock load as 
shown in Fig-8. The stress induced increases with the increase of 
shock load along the longitudinal and circumferential directions 
as shown in Fig-9. When the hull shock factor exceeds 0.40 the 
submersible hull fails. 

Fig-6. Tensile stress of submerged hull at SF = 0.34 (a) longi-
tudinal and (b) circumferential

Fig-7. Effective shear stress at SF = 0.34 

Fig-8. Impact of shock load on deformation
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Fig-9. Effect of shock load on tensile stress of submerged 
hull (a) longitudinal and (b) circumferential

CONCLUSIONS
The plastic displacement of the submerged hull has been found 
to be 0.0412 m for explosion charge of 15 kg. The titanium sub-
mersible fails at the shock load factor of 0.45 for the explosion 
charge of 25 kg. The damage has occurred in the submersible 
hull surface exposed to explosion only.
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